Orbital angular momentum (OAM) entangled bi-photons are a resource for the higher dimensional implementation of quantum cryptography, which allows secure communication over various channels. In the case where free-space is used as communication channel the initial OAM entangled bi-photon loses some or even all of its entanglement because of the scintillation that it experiences while propagating through the turbulence in the atmosphere. This decoherence of OAM entanglement has so far only been studied for the case of weak turbulence. Unfortunately, it is the more challenging strong turbulence scenario that is relevant for the practical implementation of free-space quantum communication through the atmosphere. Using an approach that differs from previous approaches, we derive a master equation for the evolution of an OAM entangled bi-photon during propagation through turbulence. However, in our approach the equation contains a derivative with respect to the propagation distance instead of time. The principle is to consider the propagation over an infinitesimal distance of OAM basis states through a random medium. This approach allows one to include, not only the effect of turbulence of arbitrary strength, but also the effect of the inner and outer scale of the turbulence, as represented by the Tartarskii and von Karman spectra. The resulting expression can predict the rates of decoherence for arbitrary initial OAM entangled states and can be used to calculate the concurrence, which measures the amount of entanglement, as a function of propagation distance for different initial entangled OAM states.
INTRODUCTION
Lasers and micro-electronics are some of the technologies that were made possible by the advent of quantum mechanics. A new wave of quantum technologies are currently being developed, including quantum computing and quantum communication. These technologies are largely based on quantum entanglement, which is a quintessencial part of quantum mechanics that distinguishes it from classical systems.
A common challenge in these technologies is the fact that entanglement is fragile and undergoes decoherence due to interactions with its environment. Much effort has therefore gone into studying decoherence and trying to come up with ways to avoid or at least reduce its effects. In free-space quantum communication decoherence can be caused by the scattering that light experiences when propagating through a turbulent atmosphere.
Orbital angular momentum (OAM) has recently become a popular basis for entangled photon states because it allows higher dimensional representations of information in quantum systems. [1] [2] [3] This is also the case with free-space quantum communication. Unfortunately, the random phase modulations, induced by the spatial fluctuation in the refractive index due to turbulence in the atmosphere, scatters the initial OAM states into other OAM states, which causes the OAM entanglement to decay.
The aim of the work reported here is to investigate this process of decoherence in OAM entanglement in a turbulent atmosphere. The effect of turbulence on classical light -scintillation -has been studied for many years. 4 This has also been extended to the effect of scintillation on optical beams with specific OAM modes.
only a single phase-only transmission function that quantifies the turbulence by a single parameter, the Fried parameter r 0 . Such a model tacitly assumes that the turbulence is weak.
The approach that is followed here, as presented in Section 2, is to consider how the density operator (in terms of an OAM basis) transforms after an infinitesimal propagation through a turbulent atmosphere, which is then expressed as a differential equation with respect to propagation distance. The analysis is restricted to monochromatic optical fields under the paraxial approximation. The resulting master equation contains integrals of products of OAM momentum-space wave functions. In Section 3 these integrals are considered with the aid of the generating function for OAM modes. A simple case of qubit bi-photon states is considered in Section 4 to show how such a state decoheres during propagation. The work is summarized in Section 5.
MASTER EQUATION
After propagating over an infinitesimal distance dz through a turbulent medium, the momentum-space wave function of a quantum state is transformed as follows
where G(K, z) ≡ K|ψ is the momentum-space wave function of a quantum state |ψ , with K being the twodimensional spatial frequency vector on the transverse momentum-space, k is the wave number, and represents convolution. The two-dimensional Fourier transform of the refractive index fluctuation is
where k is the full three-dimensional spatial frequency vector,χ(k) is a three-dimensional random complex spectral function, Δ k is its coherence width in the frequency domain, and Φ 0 (k) is the three-dimensional power spectral density of the refractive index fluctuation. The index fluctuation is a real-valued function, which implies thatχ
Using a OAM basis, one can express a single photon quantum state as ρ = mn |m ρ mn n|, where |m ≡ |l m , p m represents the OAM basis elements and ρ mn are the matrix elements. However, since we need to do the analysis in terms of the momentum basis each of the OAM basis elements needs to be expressed in terms of the momentum basis. As a result the density operator for a single photon has the form
where G m (K) is the momentum-space wave function for OAM basis element |m , and |K denotes the momentum basis elements. The expression can be generalized to arbitrary numbers of photons to incorporate entanglement.
One can now determine how ρ is transformed during an infinitesimal propagation through turbulence, by applying Eq. (1) to the density operator in Eq. (3). The resulting expression can be used to produce an expansions through repeated back substitution. In the end one performs an ensemble averaging over different random functions. The ensemble average ofχ is zero, however the ensemble average of products ofχ are given by
where δ 3 (k) denotes a Dirac-delta function in three dimensions. We'll trunctate the expansion at this level.
The result can now be expressed as a master equation in the limit of small dz. For an entangled bi-photon quantum state, having one of the two photons propagating through turbulence, while the other propagates through free-space without turbulence, the master equation is given by
where we sum over repeated indices r and s. Furthermore,
represents the free-space propagation of OAM modes without turbulence, while the dissipative terms caused by the turbulence are given by
with
, and
The Markov approximation is used in the derivation of the master equation given in Eq. (5). This approximation follows from the fact that the fluctuations in the refractive index is extremely small compared to the average refractive index. The distance over which the phase modulation induced by the medium becomes significant is therefore much longer than the distance over which these fluctuations have some correlation. One can therefore make the step size larger than the correlation length and ignore any 'memory' in the medium.
OAM MOMENTUM-SPACE WAVE FUNCTIONS
It is convenient to perform the calculations that involve the OAM momentum-space wave functions in terms of the generating function for the OAM basis functions. In this way the generation of particular OAM modes can be postponed till after all the calculations have been done on the generating function. The first step is to compute the two-dimensional Fourier transform to obtain the momentum space generating function. The result is given by,
where K = k xx + k yŷ , ω 0 is the initial radius of the mode profile, N is a mode dependent normalization constant given by,
and R(z, w) = (1 − w)z R − i(1 + w)z, with z R being the Rayleigh range given by z R = πω 2 0 /λ. This momentumspace generating function can be used to obtain an expression for the angular spectrum of any particular LaguerreGaussian mode with particular values for p and l. This is done by taking the l-th derivative with respect to u (v) for positive (negative) l, taking the p-th derivative with respect to w, dividing by p! and setting u, v and w equal to zero.
The momentum-space generating function in Eq. (10) is now used to evaluate the integrals for Eqs. (6)-(9). First we consider the integral in the free-space propagation term given in Eq. (6) . One finds that it gives orthogonality conditions with respect to the azimuthal indices of the OAM modes, but not with respect to the radial indices. The latter is a result of the fact that the OAM modes depend on the propagation distance. Using the generating function one obtains the following expression
where w 1 and w 2 are the parameters associated with the radial indices p 1 and p 2 , respectively.
Next we consider the integrals for the dissipative terms given in Eqs. (7)- (9) . The formalism allows one to include any spectral model Φ 0 (k) for the turbulence, however, for the sake of tractibility we'll neglect the effect of the inner and outer scales. We use the von Karman spectrum,
where C 2 n is the refractive index structure constant for the turbulence and κ 0 is inversely proportional to the outer scale of the turbulence. The outer scale helps to regularize the integrals, but in the limit of large outer scale it disappears from the final expressions. Substituting Eq. (14) into Eq. (7), one finds,
Next we evalute the correlation integrals in Eq. (9), expressing the result in polar momentum-space coordinates, so that k x + ik y = K exp(iφ). For simplicity we evaluate the azimuthal indices explicitely while leaving the radial indices implicite in terms of the parameter w m and w n . The asimuthal indices are then given directly by m(= l m ) and n(= l n ), not to be confused with the subscripts of w m and w n . For mn > 0 the resulting expression is given by
and for mn ≤ 0 it is given by
where
It is challenging to express the result for the integral in Eq. (8) as a single expression. However, one can determine what the respective expressions for the different element would be by considering the integral term-byterm. This is further aleviated by the following two observations. In the first place one notices that Φ 1 (K) only depends on the radial coordinate and not the angle. Therefore the integral over φ only include the φ-dependences of Eqs. (16) and (17), which is given by exp[i(n − q − m + p)φ]. The result of this angular integral is therefore zero unless n − q − m + p = 0. As a result many of the elements in L mnpq vanish.
The second observation is that, as far as the K-dependence is concerned, those elements that survive the φ-integration always consist of terms of the form
where m is a non-negative integer, A contains all the multiplicative parameters from Eqs. (14), (8), (16) and (17), and B is a parameter composed of the parameters in the exponent of Eq. (16) or (17). If m = 0 the integral over f m (K) diverges as κ 0 → 0. In the limit of small κ 0 the leading terms are,
where t = z/z R and L T is given by Eq. (15). It turns out that the L T -term in Eq. (5) exactly cancel off all the L T -terms that appear inside the L mnpq -term in Eq. (5) as a result of Eq. (20).
The integrals of f m (K) with m > 0 all give finite results independent of κ 0 in the limit where κ 0 → 0. For instance, if the radial index is zero (p = 0) the leading term has the form,
where G m is a numerical constant that only depends on m. One can combine all the appropriate terms to obtain expressions for the elements of L mnpq and then use them to obtain the explicit expression for the master equation in Eq. (5).
Since it represents an infinite set of coupled first-order differential equations, the master equation in Eq. (5) is not easy to solve in general. Assuming that the intermodal coupling decreases for higher order modes, one can truncate the set of equations. Next we consider such a trunctated case.
EXAMPLE: QUBIT BI-PHOTON
As an example, we consider the case 10 where only modes with the lowest radial index (p = 0) and with azimuthal indices of the same magnitude l = ±q (q = 1, 2, 3) are retained. This truncation implies that much of the coupling with higher order modes is lost. The trace of the truncated density matrix is not equal to 1 anymore. We shall use the value of the trace of the truncated density matrix to provide an indication of the loss of information to the higher order modes.
For this case V mnpq (z) = 0 and the only nonzero elements of L mnrs are
where A q and B q are positive constants that only depend on q, * and h(z) is the same function for all the terms. It contains all the dimension parameters
Provided that the turbulence is not too weak and that the beam waist is not too small, the entanglement decays to zero over a distance much shorter than the Rayleigh range, which allows one to assume that 1 + z 2 /z 
where r 0 = 0.185(λ 2 /C Assuming that the initial state of the density matrix is the singlet Bell-state in the OAM basis, one obtains the following solution of the density matrix
where mp (nq) denote the row (column) indices, and where
The eigenvalues of the density matrix are
which are all positive. The trace of the density matrix is given by T , which is a decaying function, since A q > B q . We plot the trace T as a function of ω 0 /r 0 in Fig. 1 for q = 1, 2, 3 .
Using the normalized density matrix [by setting T = 1 in Eq. (26)], we compute the concurrence of formation 13, 14 and obtain
which is plotted in Fig. 2 for q = 1, 2, 3 as a function of ω 0 /r 0 .
From the curves for the trace in Fig. 1 one can see that modes with higher OAM are scattered more rapidly into other modes than those with lower OAM. On the other hand, from Fig. 2 we see that modes with higher OAM retain their entanglement for longer distances than those with lower OAM. These conclusions agree qualitatively with previous work, 10 however, while the scattering into other modes occurs at a scale where r 0 ≈ ω 0 , similar to what was found before, 10 the entanglement lasts for at least an order of magnitude longer, which is quantitatively different from what was found before. 10 Here the slowness of the decay in the concurrence is a result of the smallness of the values of the B q 's. From these results it appears that the effect of scattering and the implied loss of photons in the desired OAM modes may turn out to be a more significant challenge for free-space quantum communication than the decoherence of OAM entanglement.
SUMMARY
We derived a master equation for the decoherence experienced by an OAM entangled photon state propagating through a turbulent atmosphere. It is assumed that the light is monochromatic and propagates as a paraxial beam, and that the refractive index fluctuations are small enough to allow a Markov approximation. The formalism does not require any simplification to the turbulence model, however to compare the results with previous analyses of this case the inner and outer scales of the turbulence are ignored in the example that is considered. The result was found to be qualitatively similar to previous work, but significant quantitative differences exist.
The master equation represent an infinite set of first order differential equations. To solve such a set one would in general need to truncate the set, which could loose significant contributions of the coupling to higher order modes.
